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1. Introduction 



Let j; be a fixed odd prime number. Throughout this paper, we always make use of 
the following notations: Z denotes the ring of rational integers, Z p denotes the ring of 
p-adic rational integers, <Q p denotes the field of p-adic rational numbers, and C p denotes 
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the completion of algebraic closure of Q p , respectively. Let N be the set of natural numbers 
and Z+ = N U {0}. Let C p ™ = {C|C P " = 1} be the cyclic group of order p n and let 

T p = lim C pn — U„>iC p >i. 

n-s-oo - 

1 S 

The p-adic absolute value is defined by \x\ p = — , where x — p r — ( r G Q and s,t£Z with 

p r t 

(s,t) — (p,s) = (p,t) = 1). In this paper we assume that q G C p with \q — l\ p < 1 as an 
indeterminate. The g-number is defined by 

1 - q x 

[x\ q = Y~q~' SCC f 1 " 1 ^' 

Note that lim g ^.i[a;] 9 = x. For 

/ G UD(Z p ) = {/|/ : TLp — > C p is uniformly diffcrentiable function}, 
the fermionic p-adic g-intcgral on Z p is defined as 

I- q (f) = / f{x)d»- q (x) = lim t^v E see t 1 " 5 ! ■ (!) 



From (1), we note that 



n-l 



q n I- q (f n ) = (-l) n I- q (f) + [2], ^(-l)"- 1 -^'/^, 

where / n (a;) = /(a; + n) for n G N. For fc,n G Z + and a; G [0, 1], Kim defined g-Bernstein 
polynomials, which are different g-Bcrnstein polynomials of Phillips, as follows: 

%(^)=(J)W5[1-^, see [4]. (2) 

In [9] , the p-adic extension of (2) is given by 

B k . n {x, q) = (j^j [x] k q [l - x] n q Z k , where x G Z p , and n, k G Z+. (3) 

For ft G Z and C G T p , let us consider the twisted (ft, (7)-Euler polynomials as follows: 

E { n H lx(x) = [ i x + y} n q C y q (h - 1)y dp- q (y), for n G Z+. (4) 

In the special case, a; = 0, ^(0) = E^ q( - are called the n-th twisted (ft, g)-Euler 
numbers. 

In this paper we investigate some relations between the q-Bernstein polynomials and 
the twisted (ft, gj-Euler numbers. From these relations, we derive some interesting identi- 
ties on the the twisted (ft, (7)-Euler numbers and polynomials. 
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2. On the twisted (h, g)-Euler numbers and polynomials 



From (4), we note that 

E( nii^)= I [x + y] n q C y <i {h - 1)y d^- q {y) 

oo 

= [2],^(-ircv m H<, 



m=0 



and 



E niA x )= I ^ + y] n q C y i {h - 1)v d^- q {y) 

= E (?) / [y} l q C y q {h - 1)y d^- q (y) 

= E(?Wv*Cc 



Therefore, we obtain the following theorem. 
Theorem 1. For n G Z + and ( e T p , we have 

oo 

E ( ni c {x) = [2} q (-l) m rq hm [x + m\ n q . 

Furthermore, 

= ([x} q+q *Ei h ir, 

with usual convention about replacing (E q h ^) n by ^. 
Let 

Then we see that 



F$(t,x) = [2} q J2(- 1 ) m C m q mh e lx+m]qt - 

m=0 



In the special case, x = 0, let F^> (t, 0) = f^O). 
By (4), we get 



Therefore, we obtain the following theorem. 

4-71 

Theorem 2. Let F$(t,x) = T,7=o E nic( x )^- Thcn wc havc 
F^l^it, l-x) = Cq h - l F^{-qt,x). 

Moreover, 

<J-i, c -i(i - *) = (-lrc^" 1 ^,^) fOT n e z +- 

From (6), we note that 

q\F^(t,l)+F^(t) = [2] q . (7) 
By (7), we get the following recurrence formula: 

<C = 7^ and + = if n > 0. (8) 

By (8) and Theorem 1, we obtain the following theorem. 
Theorem 3. For n G Z + and ( e T p , we have 

<L = iV^c ' and qh(iqE ^ + 1)n + E ^ = if n > °' 

with usual convention about replacing (E^) n by £^ ? . 
From Theorem 3, we note that 
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2h r 2 F (h) ,„n 1 + q 1h t 2 1 + g y 

'(^S+i)'-^ 



,,2/j 



=0 



= -« h cE(?)^. 



Therefore, we obtain the following theorem. 
Theorem 4. For n G N, we have 



2h r 2 F (h) (9 s_ F (h) 1 + g 2feX2 , 1 + 1 h r 



By Theorem 2, we see that 

= (-1)™^-^ f [x- l] n q q {h - 1)x Cd^- q (x) 
Jl p 

Therefore, we obtain the following theorem. 
Theorem 5. For n G Z+, we have 

g'^C / [l-x]^^- 1 )^^^)^^ (2). 

Let n G N. By Theorem 5 and Theorem 4, we get 

^'c'C., ! -^'-' ( ( i ^) + ! -('( I ^ 



From (10), we have 

J^i-^-^C^ix) = ^ +1 C^- 1 , f - 1 + (^) +q \ 

Therefore, we obtain the following corollary. 
Corollary 6. For n E N, we have 

f [i - ^j.^C'-^c^/i-,^) = « fc+1 C^_ liC _ 1 + [2] q . 

For xgZ p , the p-adic analogues of g-Bcrnstein polynomials are given by 



B k , n (x,q) = i^ k j[x} k q [l-x} n q - k , where n, k e Z+. (11) 

By (11), we get the symmetry of g-Bernstein polynomials as follows: 

Bk,n{x,q) = B n - k . n (l - x,q~ v ), see [7]. (12) 
Thus, by Corollary 6, (11), and (12), we see that 

/ B k , n {x,q)q( h - 1 >Cd»- q {x)= [ B„_ fc , n (l - x, <T V^C^-g^) 

- (I) E (f) / [i - *r q -tt h - 1)x cd^ q {x) 



1=0 
k 



1=0 v 7 



For n,k € Z + with n > fc, we have 

/ Bk, n {x, q)q( h ~^ x Q x dn- q {x) 

-OsC)(-ir(^ce.,-. + pi.) 

? fc+1 C^S-i, c -i + [2]„ if = 0, 

a^C® Etc (^(-iJ^^C^V^c- if fc > °- 

Let us take the fermionic g-integral on Z p for the g-Bernstein polynomials of degree n as 
follows: 



E("7V>'<L,c 



Therefore, by (13) and (14), we obtain the following theorem. 
Theorem 7. Let n,k G Z + with n > k. Then we have 



ff h+1 c^23-i lC -i + [2]«. 



if fc = 0, 



« w - 1 C(J)Ef=o(?)(-i)^A,-ic-i. iffc >o 



Moreover, 



n — k 

E 



= < 



' g"+iC^- ljC -t + [2],, iffc = 0, 

I ^ +1 CELo(*)(-i) fc+i ^Vu- iffc>0 - 



Let ni,n 2 ,k e Z + with m + n 2 > 2fc. Then we get 
B fc>ni (a:, q)B Kn2 (x, q)q ( - h - 1)x ( x dfi- q {x) 

2k 

= (T)(?)g(?)(-i)^(^U^ + M f ) 

9 h+1 C-S2+ n2 , g -i >c -i + [2]„ 

m (*■) eSo (?)(-i) 2fe+; (9 /w - i c^U-«„-,c- + raO - if fc ^ °- 

Therefore, by (15), we obtain the following theorem. 



if k = 0, 



Theorem 8. For m, "2, k G Z + with m + n 2 > 2k, we have 
B k . ni (x, g)B fe ,„ 2 (ar, q)q {h - 1)x C d^- q {x) 

\ 9 h+1 CE^ +n2 , q -, x -, + [2] q , if* = 0, 

iffc^O. 



= < 



„/i+V/"l\ /nz^ V^2fc /2k\ \2fc+Z 



From the binomial theorem, we can derive the following equation. 

/ B k , ni (x, q)B ktn2 (x, q)q^ x Cdfi- q (x) 

= (fcO(*) B1 s" a * ( - 1) '( ni+ T" 2fc ) / z wr^^) 



Thus, by Theorem 8 and (16), we obtain the following corollary. 

Corollary 9. Let rii, n 2 , k e Z + with m + n 2 > 2fc. Then we have 



ni+n2— 2fc 



E (-iyf ni+n r 2fc )< 



= < 



2k+l, q 



1=0 



if A: = 0, 



I ^C£?M?)(-i)^<L-i,,-sc-" if*>o. 



(16) 



For xeZp and s G N with s > 2, let m, n 2 , . . . , n a , k G Z + with m + • • • + n s > sk. 
Then we take the fermionic p-adic ^-integral on Z p for the g-Bernstein polynomials of 
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degree n as follows: 

/ B k . ni (x, q) ■ ■ ■ B Kns (x, q)q( h -V x Cdn- q (x) 



s-times 



irii H \-n s — sk (h — l)x ;-x 



, =0 V ' / Jz, 

(:)E(f)(-i)' + "(^ +i <«... t ..-,,-, ( -, + [2],) 



niH h« s ,g -1 ,C 



i .t-i + [2]„ 



^ +1 C(T) • • • ft) Ef^o (f )(-i) i+sfe < ) + ... + „ 8 - il9 - 1 ,c- 

Therefore, by (17), we obtain the following theorem. 



if k = 0, 
if fc > 0. 



(17) 



Theorem 10. For s 6 N with s > 2, let m, n 2 , . . . ,n s ,k G Z + with ni H hn s > sfc. 

Then we get 



/ B fc , ni (z, g) • • • B k . ns (x, q)q( h -V x edV- g (x) 

v ' 



s-timcs 

r „h+i rw (h) 



< 



if fc = 0, 



(18) 



I ^W)---mE^(^(-i)^*<! h ...^._ ll ,-i lC -i. if*>o. 



By the definition of g-Bcrnstcin polynomials and the binomial theorem, we easily get 
/ B k . ni (x, q)-.. B Kns (x, q)q^ x Cdfi- q (x) 



s-times 

TllH h^s — s& 



E (-d v 

TllH h^ls — sfc 



ni + • • • + n s — sk 



f [x] s q k+l q( h -V x C, z dn_ q {x) 



E (-D 



1 1 ni H h n s - sfc\ 



Therefore, we have the following corollary. 
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Corollary 11. For £ e T p , s e N with s > 2, let m, n 2 , . . . ,n 8 ,k G Z + with m H h 

n s > sfc. Then we have 



ni-\ \-n B — sk 



xf (-i) ; ( ni+ -T s ^>^c 

f ^ +1 C< ) + ... + „ s . 9 - 1 , c - 1 + [2]„ 



if fc = 0, 
if k > 0. 
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